
Math 4550WTopic 3-Direct Products



1

Jef : Let G
, G be groups .

The direct product of G
,

and G is

-

G
= &(x,

Xe)) X ,
EG,

and xnEG]

Ex: V= E1, 9 , 923
2

c

= 30 ,73

V
=
x(=

= &(1 ,
5)

,
(1

,
i) ,

19
,
01

, (9 .
i), (5,0), (ii)

-



Mem: Let G
,

and G be groups with

identity elements e
,

and ea ,
respectively.

The direct product G
,
XG is a

group
Under the operation

(a,
b)(c ,

d) = (ac ,
bd)
↑

operation6Gration in

The identity element is (e ,
e2) .

The inverse of (a,
b) is (a,

b) .

-
pof:

Oklosure) Let (a,
b)

,
(c ,

d) E G,
X Gr

Then a
,
CeG ,

and b
,

deG2.

Since G
,

is a group
we get actd ,

Since G2 is a group
we get

bdeGn

This,
(a ,

b) (c ,
d) = (ac ,

ba) EG ,
XGn ·

② Let (a,
b)

,
(c ,

d)
,
(f , g) E G

,
XG2

Then ,

(a ,
b) [( , d)(f , g) = (a , b)[(c +

, dy)]



= (a(cf) , b(dy)
= ((ac)f, (bd(g)

Since G
,

and
= [(ac , bd))(f,

3)wG are groups
and are

associative = [(a ,
b)(c , d)](f ,

9)

Thus
,

GiXG2 is associative .

③ (identity (
Let (a ,

blEG ,
X G2 sincea

& identity of
Then, G

,
and ea

(e ,
en) (a,

b) = (e ,
a

,
emb) = (a ,

b) &is the

(a ,
b) (e ,22) = (ae ,

beal = (a,
b) identity

&
of On

Thus ,
(e

, e2) is an identity for G
,

XG2 .

④ Let (a,
b) EG ,

XGz .

Then aEG ,
and be G2 .

Since G
,

is a group
we get thateG ,

Since In is a grove
we get that be On

Thus,
(alb") EG, X G and we have :



(a,
b)(a), b) = (aa,

bb") = (e ,,
2)

(ab(a,
b) = (aa ,

b b) = (e, en)

So, (15) is the inverse of (a
,

b) .

By 0,
Q ,B, we get that G

,
XG,

is

-



231
,

5
,
93 where s = 1get

= 5,i)e

UaX & z
= &(1 ,

0)
, (1 ,

7) , (5
,
01

, 15 , i), 193 it
,

(5; il]
-

identity element

-TemplecalculationSi +=) = (3,
i) = (1 ,

i)

↑
operation⑮~

S &
(1 ,

01(54T) = (1 - 90+ 1) = (937)

=
The theorem says

that

(i= ((5i =

(Let's verify it :

(93i) . (5 ,
i) = (e: 9

,
i +i) = (s, i)

=ity in Vax22



Ex: 22 Xz = E(, )
, (,

i)
, (iii) ,

(ii)
m

identity
element

Since both groups Use addition instead of

writing (i) (T,
) = (o +is it) = (i ,i)

we write (Th + (i) = (oti c
Ttol = (isis .

Here's the group table :

=>
some sample calculations are :

-

(T ,
i) + (Tjj) = (i + i ,

i + j) = (0
,
i)6(T,

) + (Tj
:) = (T+T j +i) = (i , i)



You can see from the table that the

group Ex&2 is abelian.

However it is not cyclic.
no element

< (0 ,
01) = G(o ,

)] 9 enerates

< (T,)7 = &(T ,
:) ,

10 ,
013 & all of

22X4z
<,ik = S(,) , (0 ,

01]
So 22 X 22

< (iii) = &(i ,
i)

,
(, 1] is not cyclic.

us,
Zx22 is abelian but not cyclic



Picture of the world of groups

that we have so far :-

&

a



Therem: If G
,

and G are both abelian

groups ,
then G,

XC is abelian.

#

roof: Hw

Ex: EnXEm is abelian

-

The rem: Emx In is cyclic if and

only if gcd (m ,
n) = 1.

(Don't do in class,
point out in notes

roof
:

4) Suppose gcd (m ,n) = 1 .

We will show that Emx &
e

= < CisTS.

Suppose that

(T
,
i) + (T ,

T) + ... + (T ,
T) = (5 , %)

-
d times

where d 0.

Then
,
(, ) = (5 ,

01
.

So, = in Em and = 0 in En.

Thus
,

m divided and n divided .



So
,

d is a common multiple of m and n.

From number theory ,
the least common

multiple of m and n isit

which in this case is mn.

Thus
,

med .

So the order of (ii) is at least mn .

Also ,

↓C
..Ti = (mmn =o

↑
in

Thus,
(T,i) has order rn.

so,
2xmx *n

= <(i,
i 1) since 12mx &el = Mn.

(*)) Suppose d = gcd(m ,
n) 1.

Let (F,
5) =Em XIn.

m = 0 in Im

Then
+(5) ... + (5)=/=

mn times
= (Em,n5) = (5,)

J ↑
↑

(note : dim &din so 2) since]L dim ,
din

So, every element of EmX In has order at most

mn >mn since dil .
So, Emx2n is not cyclic

J if gcd (m,
n) > 1. ⑮
-


